This paper is an introduction and a survey to the concept of perfect isometries which was first introduced by Michel Broué in 1990. Our main aim is to provide proofs of numerous results scattered in the literature. On the other hand, we make some observations which did not appear anywhere before.
Introduction
In 1990, Michel Broué [6] introduced the concept of perfect isometries to relate the character theories of p-blocks of finite groups. Although his main interest was in Brauer correspondent blocks with abelian defect group, perfect isometries arose in more general settings as well. In the present paper we survey various definitions and properties related to perfect isometries which are scattered in the literature. We give examples and proofs whenever possible. In some places we will extend the existent literature, for instance by giving a characterization of nilpotent perfectly isometric blocks (see Theorem 5.2) . On the other hand, we will only work on the level of characters and do not employ higher categorical concepts like derived equivalences.
The paper is organized as follows. In the second section we revisit Broué's original definition of perfect isometries and deduce their basic properties. After that, we consider the role of the signs coming from perfect isometries. In particular, we discuss the group of self perfect isometries to resolve a conjecture by Ruengrot [49] . In the following section we investigate a number of invariants of blocks which are preserved by perfect isometries. This is useful for distinguishing perfect isometry classes. In Section 5 we prove that nilpotent blocks are perfectly isometric if and only if their defect groups have the same character table. One direction of this equivalence follows easily from Broué-Puig's theorem on nilpotent blocks [8] . The other direction uses a result of Hertweck [21] . In the next section we generalize a sufficient criterion for the existence of perfect isometries by Horimoto-Watanabe [24] . This naturally leads us to Broué's notion of isotypies and Brauer's notion of the type of a block. Finally in the last section, we give an overview of Broué's Conjecture on blocks with abelian defect groups.
Definitions and their justification
Our notation is fairly standard and can be found in Navarro [40] . For the convenience of the reader we recall the basics. The cyclotomic field of degree n is denoted by Q n . For a finite group G and a prime p, we denote the set of p-regular elements of G by G 0 . The p-part of the order of G is |G| p . For g ∈ G let g p and g p ′ be the p-factor respectively the p ′ -factor of g. Let Irr(G) and IBr(G) be the sets of irreducible complex characters and irreducible Brauer characters of G respectively. The corresponding sets of generalized characters are denoted by Z Irr(G) and Z IBr(G). For class functions χ, ψ of G (or of G 0 ) let [χ, ψ] := 1 |G| g∈G χ(g)ψ(g −1 ),
.
Every χ ∈ Irr(G) gives rise to a primitive central idempotent e χ := χ(1) |G| g∈G χ(g −1 )g ∈ Z(CG). At the moment it suffices to consider blocks as sets of irreducible characters (as they are introduced in Isaacs [26, Definition 15.17] ). In Section 3 we will start working with p-modular systems. In the following we fix p-blocks B and B ′ of finite groups G and H respectively. (int) µ I (g, h)/|C G (g)| p and µ I (g, h)/|C H (h)| p are algebraic integers for g ∈ G and h ∈ H.
In this case we say that B and B ′ are perfectly isometric.
Since Irr(B) is an orthonormal basis of Z Irr(B), we have I(χ) ∈ ± Irr(B ′ ) for every χ ∈ Irr(B) in the situation of Definition 2. 
for χ ∈ Irr(B) and h ∈ H.
In the following we will often write a perfect isometry I : 
are algebraic integers by [40, Lemma 2.15] . Therefore, by [40, Lemma 2.21] , also
is an algebraic integer. Similarly, µ I (g, h)/|C G (g)| p is an algebraic integer. Proposition 2.3. Perfect isometry is an equivalence relation.
Proof. We show first that the identity on Z Irr(B) is perfect (this is also explicit in [56, Lemma 3.1]). By [40, Corollary 5.11 (block orthogonality)], (sep) holds and for (int) we may assume that g p = h −1 p =: x. Then by [40, Lemmas 5.1 and 5.13] we have
This shows that I −1 is perfect.
We need to show that the isometry JI = J • I is perfect. For g ∈ G and k ∈ K we have
If exactly one of g and k is p-regular, then µ I (g, h −1 ) = 0 or µ J (h, k) = 0 for every h ∈ H. Hence, JI fulfills (sep). To prove (int), let R be a set of representatives for the conjugacy classes of H. Then
and |H| p ′ µ JI (g, k)/|C G (g)| p is an algebraic integer. Since |C G (g)| p and |H| p ′ are coprime and µ JI (g, k)
is an algebraic integer as well, it follows that µ JI (g, k)/|C G (g)| p is an algebraic integer. The same holds for µ JI (g, k)/|C K (k)| p and we are done.
Example 2.4.
(i) Every α ∈ Aut(G) induces a perfect isometry Z Irr(B) → Z Irr(α(B)) where it is understood that the action of Aut(G) on Irr(G) permutes blocks.
(ii) Every γ ∈ Gal(Q |G| |Q) induces a perfect isometry Z Irr(B) → Z Irr(γ(B)) where again Gal(Q |G| |Q) acts on Irr(G) (for a stronger claim see Kessar [29] ).
(iii) Let λ ∈ Irr(G) with λ(1) = 1. Then the characters {λχ : χ ∈ Irr(B)} ⊆ Irr(G) form a block λB and the map Irr(B) → Irr(λB), χ → λχ induces a perfect isometry. This shows that perfect isometries do not commute with (Galois) automorphisms (consider the cyclic group G ∼ = C 3 with p = 3 for instance). Moreover, if Irr(B) contains a linear character, then B is perfectly isometric to the principal block of G.
(iv) The natural epimorphism G → G/ Ker(B) induces a perfect isometry between B and the dominated block B of G/ Ker(B) (see [40, p. 198 ] for a definition).
(v) Let b be a block of N G with inertial group T ≤ G and let B be a block of T covering b.
Then the Fong-Reynolds correspondence Irr(B) → Irr(B G ), χ → χ G induces a perfect isometry. Indeed, for g ∈ T and h ∈ G we have
where h 1 , . . . , h s represent the T -classes contained in the G-class of h and id is the identical perfect isometry on Z Irr(B). Similar results hold for the Glauberman correspondence [23, 63] , the Isaacs correspondence [56] , the Dade correspondence [57, 66] , Shintani descent [28] and so on.
(vi) Enguehard [15] showed that two p-blocks of (possibly different) symmetric groups are perfectly isometric whenever they have the same weight. A similar statement for alternating groups was proved in Brunat-Gramain [9] . (viii) According to Broué [7] , there are stronger equivalences:
Morita equivalence =⇒ derived equivalence =⇒ perfect isometry
Choice of signs
In the following we denote the ring of algebraic integers in C by R. Let M be a maximal ideal of R containing pR. Then F := R/M is an algebraically closed field of characteristic p (see [40, Lemma 2.1]).
Then O/J(O) ∼ = F and we denote the natural epimorphism by * : O → F (here we differ from [40, p. 16] where this ring is denoted by S). Note that (int) states that
The following lemma is usually not covered in text books. For the convenience of the reader we provide a proof. 
Then J is a union of blocks.
Proof. We fix g ∈ G 0 . Then, by [ 
We conclude that 
Hence, the map χ 1 → χ 1 , χ 2 → −χ 3 and χ 3 → −χ 2 induces a perfect isometry and the sign is not uniform. It is easy to see that PI(B) is isomorphic to the dihedral group D 12 of order 12.
We take the opportunity to determine the PI(B) for blocks with cyclic defect groups in general. This confirms a conjecture made in [49, Conjecture 6.0.6] (the easy but exceptional cases e = 1 and e = |D| − 1 are settled in [49, Theorem 6.0.5], see also Corollary 5.3 below).
Theorem 3.5. Let B be a block with cyclic defect group D and inertial index e such that 1 < e < |D|−1.
Then PI(B) = −id × S e × C ϕ(|D|)/e where S e permutes the non-exceptional characters and C ϕ(|D|)/e permutes the exceptional characters of B (ϕ denotes Euler's totient function).
Proof. By [6, Théorème 5.3], there exists a perfect isometry between B and its Brauer correspondent in N G (D) sending exceptional characters to exceptional characters. So we may assume that D G. It is well-known that the inertial quotient E of B is a p ′ -subgroup of Aut(D). In particular, E is cyclic of order e dividing p − 1. Since e > 1, we conclude that p is odd. By a result of Külshammer [35] (see [51, Theorem 1.19 ]), we may assume that B is the only block of G := D ⋊ E. Moreover, G is a Frobenius group and 
Now we show that every
by the second orthogonality relation. Hence, (int') holds and I is a perfect isometry. Consequently,
Consequently, I(χ) ∈ ± Irr(E) for every χ ∈ Irr(E). Since e > 1, we may choose distinct χ, ψ ∈ Irr(E). Then χ − ψ and I(χ) − I(ψ) vanish on the p-singular elements and we obtain I(Irr(E)) = ± Irr(E). By the first part of the proof, we may assume that I(χ) = χ for every χ ∈ Irr(E). Suppose that I has a negative sign on the characters ψ G i . Then
is not divisible by |D| and this contradicts (int). Hence, I has a uniform positive sign.
We consider the column vector v := (I(χ)(g) : χ ∈ Irr(G)) for a fixed generator g of D.
Recall that all character values lie in the cyclotomic field Q |G| . By linear algebra over that field, we may write v as a linear combination v = α 1 u 1 + . . . + α n u n where α 1 , . . . , α n ∈ Q |G| and u 1 , . . . , u n are columns of the character table of G. By the second orthogonality relation, we have
for i = 1, . . . , n where (u i , u i ) denotes the usual inner product. If some u i corresponds to a p-regular element, then (sep) implies α i = (v, u i ) = 0. Hence, we may assume that u 1 , . . . , u n correspond to p-singular elements. Again by the second orthogonality relation, we obtain
is an algebraic integer for i = 1, . . . , n. Since Q |G| is an abelian number field, we also get
for every Galois automorphism σ of Q |G| . In particular, |α σ i | ≤ 1. By Galois theory, the product σ |α σ i | is a rational integer and we conclude that |α i | = 1 for some i and α j = 0 for all j = i. By comparing the first entry (corresponding to the trivial character) of v = α i u i , we see that α i = 1, i. e. v is a column of the character table of G. Now it is easy to see that I is induced from the automorphism group A introduced above (note that only ϕ(|D|)/e columns of the character table contain a primitive |D|-th root of unity). Therefore, we have shown that PI(B) ≤ −id × S e × C ϕ(|D|)/e .
Preserved invariants
Recall that the height h(χ) ≥ 0 of χ ∈ Irr(B) is defined by χ(1) p = p a−d+h(χ) where d is the defect of B and |G| p = p a . Let Irr i (B) := {χ ∈ Irr(B) : h(χ) = i} and k i (B) := |Irr i (B)|. We show first that the decomposition matrix encodes the character heights. 
and [40, Theorem 3.24] yields (m χψ ) p = p d−a ψ(1) p = p h(ψ) . Proof. [40, Corollary 2.17] ). This shows
In accordance with the statement of the theorem, we replace S by S −1 . Then the Cartan matrices of B and B ′ are given by C := Q t Q and
since T is orthogonal. Hence, C and C ′ are equivalent as integral quadratic forms. We conclude that C and C ′ have the same elementary divisors counting multiplicities. In particular, the largest elementary divisors of C and C ′ coincide and this number is the order of a defect group of B and B ′ . So B and B ′ have the same defect d.
and Lemma 4.1. (i) There exist perfectly isometric blocks with non-isomorphic defect groups: Let G and H be any p-groups with the same character table (like D 8 and Q 8 ). Then there exist bijections I : Irr(G) → Irr(H) and σ : G → H such that I(χ)(σ(g)) = χ(g) for χ ∈ Irr(B) and g ∈ G. By the second orthogonality relation, I induces a perfect isometry between the principal p-blocks of G and H (these are of course the only blocks of G and H respectively). We will see in Theorem 5.2 that the converse holds as well whenever G and H are p-groups. . This turns out to be equivalent to QS = T Q ′ with the notation of Theorem 4.2. We will see in Corollary 5.3 below that not every generalized perfect isometry is a perfect isometry in the sense of Definition 2.1. Other variations of perfect isometries were given by Narasaki-Uno [39] , Eaton [14] and Evseev [17] . Proof. Let I : Z Irr(B) → Z Irr(B ′ ) be a perfect isometry. We define a linear map
Since µ I is a class function, we see that Γ maps into Z(CH). Setting γ χ := |H|χ(1) |G|I(χ)(1) we obtain
via (1). Now suppose that g∈G α g g ∈ Z(OG). Let R be a set of representatives for the conjugacy classes of G. Then, by (int),
for h ∈ H and we see that Γ : Z(OG) → Z(OH). The primitive block idempotent of B over O is given by f B := χ∈Irr(B) e χ ∈ Z(OG) (see [40, p. 53] ). Hence, Γ : Z(OGf B ) → Z(OHf B ′ ). Since also I −1 is a perfect isometry, there exists a similar map Λ : Z(OHf B ′ ) → Z(OGf B ) sending e I(χ) to γ −1 χ e χ (when extended to Z(CH)). Finally, we define a linear map
α χ e I(χ) .
It follows easily that Φ : Z(B) → Z(B ′ ) is an isomorphism of O-algebras.
Going over to F , we denote the block idempotent by e B := f * B (see [40, p. 55] ). If x, y ∈ Z(OGf B ) such that x * = y * , then Γ(x) * = Γ(y) * by (3). Therefore, Φ induces a well-defined bijection
One can show that the isomorphism in Theorem 4.4 also preserves the projective center (see [7, 
for all χ, ψ ∈ Irr(B).
Proof. In the proof of Theorem 4.4 we have constructed a linear map Γ sending e χ to γ χ e I(χ) where γ χ = |H|χ(1) |G|I(χ) (1) . Since B and B ′ have the same defect and I preserves character heights, it follows that γ χ ∈ O × . For a fixed χ ∈ Irr(B) we have 
Nilpotent blocks
As a motivation, we start with a known result about character tables. We provide a proof for the convenience of the reader (cf. Weidman [70] , Chillag [11] and Lux-Pahlings [38, Section 2.4]).
Theorem 5.1. Let K 1 , . . . , K n be the conjugacy classes and K + 1 , . . . , K + n ⊆ Z(ZG) be the class sums of G, and let Irr(G) = {χ 1 , . . . , χ n }. Then the character table of G is determined (up to labeling of rows and columns) by each one of the following sets of integers:
Proof.
(i) We define the central characters as usual by ω i (K + j ) := χ i (g j )|K j |/χ(1) where g j ∈ K j . For i = 1, . . . , n set M i := (a ijk ) j,k and s i := (ω i (K j )) j . Then
and ω l (K + i )s l = M i s l for l = 1, . . . , n. Since the central characters are linearly independent, we have S := (s l ) l ∈ GL(n, C). Hence, S −1 M i S = diag(ω 1 (K + i ), . . . , ω n (K + i )) for i = 1, . . . , n. This means that M 1 , . . . , M n are simultaneously diagonalizable. Since also the rows of S are linearly independent, it follows that S is uniquely determined by a ijk up to permutations and signs of columns. One column of S has the form (ω 1 (K + i )) i = (|K i |) i and this is the only column consisting of positive integers (by the second orthogonality relation). Therefore we obtain the class sizes from a ijk . By the first orthogonality relation, we also have
This implies that we get the character degrees from S. Altogether, the numbers a ijk determine the character table T of G up to signs of rows. In order to show that the signs are irrelevant, assume that diag(ǫ 1 , . . . , ǫ n )T where ǫ i ∈ {±1} is also a character table of some finite group. Then there must be some i such that χ j (g i ) = ǫ j χ j (1) for j = 1, . . . , n. In particular, g i ∈ Z(G) and the map π : g j → g j g i induces a permutation of {g 1 , . . . , g n }. Since χ k (g j g i ) = χ k (g j )χ k (g i )/χ k (1) = ǫ k χ k (g j ), there exists a permutation matrix Q corresponding to π such that diag(ǫ 1 , . . . , ǫ n )T = T Q. Hence, T is (essentially) uniquely determined from a ijk .
(ii) We define M i := (b ijk ) j,k and s l := (χ i (g l )) i for i = 1, . . . , n. Then
and M i s l = χ i (g l )s l . Hence for the character table T := (s l ) l we get
Arguing as in (i), we obtain T from b ijk up to permutations and signs of columns. Suppose that there are signs ǫ 1 , . . . , ǫ n such that T diag(ǫ 1 , . . . , ǫ n ) is also the character table of some finite group. Then there exists i such that χ i (g j ) = ǫ j 1 G (g j ) = ǫ j for j = 1, . . . , n. Hence, χ i is a linear character and we have a permutation π on Irr(G) sending χ j → χ i χ j . It follows that the permutation matrix Q corresponding to π satisfies T diag(ǫ 1 , . . . , ǫ n ) = QT . Thus, we obtain T from b ijk .
Conversely, it is well-known that the character table T of G determines a ijk via
(see [26, Problem (3.9)]). Of course, T also determines b ijk = [χ i χ j , χ k ]. The numbers a ijk and b ijk are the structure constants of the Z-algebras Z(ZG) and Z Irr(G) respectively. We remark that these algebras are in general not isomorphic (Q 8 is a counterexample as can be seen by reducing modulo 2). On the other hand, Z(CG) ∼ = C Irr(G) ∼ = C n where n is the class number of G.
The following observation relies on a result of Hertweck [21] . It is also related to the work of Zhou-Sun [71] . In this case, every perfect isometry between B and B ′ has a uniform sign. In particular,
Proof. The implication (i)⇒(ii) follows from Theorem 4.4. Recall from Example 2.4(vii) that B (respectively B ′ ) is perfectly isomorphic to the principal block of P (respectively Q). Thus, to prove (ii)⇒(iii) we may assume that G = P and H = Q. In the notation of [ For the second claim we note first that the * -construction gives a perfect isometry between B and the principal block of P with positive signs. Since the same is true of B ′ and Q, we may again assume that G = P and H = Q. By In the situation of Theorem 5.2 it is possible to compute PI(B) efficiently from the character table of P . For this we may assume as usual that G = P and I ∈ PI(B) has positive sign. Since multiplication with a linear character induces a perfect isometry (Example 2.4(iii)), we may assume that I(1) = 1 where 1 is the trivial character. We call such a perfect isometry normalized. Following the proof of Theorem 4.4, we see that I induces the automorphism Γ on Z(OG) sending e χ to e I(χ) (when extended to Z(CG)). In particular,
Hence, by [21, Theorem 3.2] , Γ maps class sums to class sums (not just scalar multiples of class sums). Let g 1 , . . . , g n ∈ G be a set of representatives for the conjugacy classes of G. Let σ ∈ S n such that the class sum of g i is mapped to the class sum of g σ(i) under Γ. Then the definition of Γ shows that µ I (g i , g −1 j ) = δ σ(i),j |C G (g i )| for i, j ∈ {1, . . . , n} with the Kronecker delta. Now (1) yields
Conversely, if I ∈ Sym(Irr(G)) and σ ∈ S n are given such that I(χ)(g σ(i) ) = χ(g −1 i ), then one easily checks that I induces a normalized perfect isometry (we note that I is not necessarily a socalled table automorphism which additionally has to preserve power maps). For a linear character λ ∈ Irr(G) we have I(χλ) = I(χ)I(λ) by (4) . This shows that PI(B) contains the normal subgroup −id × Irr(P/P ′ ) ∼ = C 2 × P/P ′ and we construct the normalized perfect isometry group PI(B) := PI(B)/( −id × Irr(P/P ′ )).
This quotient can be computed as a subgroup of Sym(Irr(P )) in GAP [20] conveniently via TransformingPermutations(Irr(P),Irr(P)).group. Now we can generalize the main result of [50] .
Corollary 5.3. If B and B ′ are perfectly isometric nilpotent blocks with abelian defect groups P and Q respectively, then P ∼ = Q and PI(B) ∼ = C 2 × (P ⋊ Aut(P )).
Proof. Since the isomorphism type of an abelian group is determined by its character table, the first claim is a consequence of Theorem 5.2. For the second claim we may assume that G = P and I ∈ PI(B) is normalized. Then (4) shows that I(λµ) = I(λ)I(µ) for λ, µ ∈ Irr(B). Hence, I is induced from Aut(G). Now the second claim follows easily.
In general the homomorphism Nevertheless, Ψ(Gal(Q |P | |Q)) ⊆ Z(PI(B)) by (4) . This verifies the Galois refinement of the Alperin-McKay conjecture for nilpotent blocks (see [41] ).
According to [21] , it is conjectured that for any finite groups G and H every (normalized) isomorphism Z(ZG) → Z(ZH) sends class sums to class sums. This is not true anymore when Z is replaced by O as can be seen from Example 3.4. Cliff [12] has constructed blocks with isomorphic centers over F (but not over O) which are not perfectly isometric.
Generalized decomposition matrices
In the case of non-nilpotent blocks, the generalized decomposition matrix is some sort of replacement of the character table of the defect group. Recall that a B-subsection is a pair (u, b) where u ∈ G is a p-element and b is a Brauer correspondent of B in C G (u). A basic set for b is a basis of the Z-module Z IBr(b) (in particular, IBr(b) is a basic set).
The following theorem states that blocks are perfectly isometric if they have the same generalized decomposition matrix up to basic sets (see [40, p. 133] ). This generalizes a result of Horimoto-Watanabe [24, Theorem 2] (the hypothesis (i) in their paper is superfluous). A different generalization has been given in Watanabe [69, Theorem 2]. be the generalized decomposition matrix with respect to (u, b). Suppose that there exist a signed permutation matrix T ∈ GL(k(B), Z) and a bijection S(
for some S (u,b) ∈ GL(l(b), Z). Then B and B ′ are perfectly isometric.
Proof. We first show that Q (1, B) . By the given relations (5) , it is clear that the columns of T Q (1,B) form a basis for the corresponding orthogonal space of B ′ . This implies the existence of S (1,B) .
The equations (5) Note that we may have
Then for χ ∈ Irr(B) and h ∈ C H (u ′ ) 0 we have 
If exactly one of g and h is p-regular, then {b ∈ Bl(u) : (u, b) ∈ S(v ′ )} = ∅ and µ I (g, h) = 0 (here we use 1 ′ G = 1 H ). Hence, (sep) holds. Moreover, it follows from [40, Lemma 2.21] that µ I (g, h)/|C G (g)| p is an algebraic integer, since C G (g) = C G (u) ∩ C G (g p ′ ). To prove the second half of (int) we note that the hypothesis is symmetric in B and B ′ . Hence the isometry I −1 leads to the algebraic integer µ I −1 (h, g)/|C H (h)| p . Recall from (2) that µ I −1 (h, g) = µ I (g, h) . Thus, the proof is complete. Corollary 6.2. There are only finitely many perfect isometry classes of p-blocks with a given defect.
Proof. This is a consequence of Brauer [3, Theorem 8] and Theorem 6.1. For the convenience of the reader we sketch the details. Let B be a block of defect d with subsection (u, b). Let d b be the defect of b, and let C b be the Cartan matrix of b. Then d b ≤ d and every elementary divisor of C b divides p d b . By the well-known Brauer-Feit bound we have l(b) ≤ k(B) ≤ p d 2 . In particular, det C b is bounded in terms of d. By the reduction theory of quadratic forms, there exist only finitely many equivalence classes of positive definite quadratic forms with given dimension and determinant (discriminant). This means that there exists S ∈ GL(l(b), Z) such that all entries of S t C b S are bounded in terms of d. The generalized decomposition numbers d u χϕ are algebraic integers in Q p d . Since the size of the generalized decomposition matrix Q (u,b) ∈ C k(B)×l(b) is bounded in terms of d, there are only finitely many solutions of the matrix equation
We illustrate Corollary 6.2 with an example by Kiyota [31] which did not appear in this generality before. Proposition 6.3. Every 3-block of defect 2 is perfectly isometric to one of the following blocks:
(i) the principal block of C 9 or of D 18 , (ii) the principal block of H ≤ AΓL (1, 9) 
(iii) the non-principal block of a double cover of S 3 × S 3 .
(iv) the non-principal block of a double cover of S 3 ≀ C 2 .
(v) a non-principal block B with k(B) = 3.
There are 13 or 14 perfect isometry classes of such blocks depending on whether case (v) occurs.
Proof. Let B be a block of G with defect group D of order 9. In view of Theorem 6.1, it suffices to determine the matrices Q (u,b) up to basic sets. Since this is a tedious task, we will cite some results. Finally we address the converse of Theorem 6.1. Suppose that B and B ′ are perfectly isometric. Then we know from Theorem 4.2 that the ordinary decomposition matrices satisfy (5) in Theorem 6.1. In the case of nilpotent blocks, also the generalized decomposition matrices satisfy (5) , because these matrices form the character table of the defect group and Theorem 5.2 applies (see [54, Lemma 10] . This is of course more general than the matrices (S (u,b) ) (u,b)∈S(B) and T coming from Theorem 6.1. Nevertheless, we do not know if the converse of Theorem 6.1 still holds, that is, if perfectly isometric blocks have the "same" generalized decomposition matrices. To fill this lack of knowledge, one replaces perfect isometries by isotypies.
Isotypies
In order to define isotypies we need to recall some terminology about fusion in blocks which was first introduced by Alperin-Broué [1] . Let D be a defect group of B. A B-subpair is a pair (Q, b Q ) such that Q ≤ D and b Q is a Brauer correspondent of B in C G (Q). In particular, a subsection (u, b) induces a subpair ( u , b). In the case Q = D we speak of Sylow subpairs. For a given Sylow B-subpair (D, b D ) one defines a partial ordering such that for every Q ≤ D there exists just one B-subpair (Q, b Q ) ≤ (D, b D ) (see [40, p. 219] ).
The following definition is a bit more general than [6, Définition 4.3] in the sense that we do not require that B and B ′ have the same defect group and fusion system. 
as subset of Q Irr(b) by setting 0 on the p-singular elements), 
for every B-subsection (u, b) as in Theorem 6.1.
Proof. For (u, b) ∈ S(B) and χ ∈ Irr(B) we have
For 
Now the claim follows easily (cf. proof of Theorem 4.2).
Let us compare isotypies with Brauer's notion [5] of the type of a block: B and B ′ are of the same type if for every (u, b) ∈ S(B) we have
where T is a permutation matrix not depending on (u, b) and S (u,b) ∈ GL(l(b), Z),
is the (ordinary) decomposition matrix of b (respectively b ′ ) and T u is a permutation matrix.
The main difference is the absence of signs (compared to Proposition 7.3).
Broué's conjecture
The following conjecture is probably the main motivation to study perfect isometries. • G = S n , A n , 2.S n or 2.A n (see [47, Théorème 2.13] and [19, 36] )
• G general linear, unitary or some symplectic group (see [16, 46, 37] )
• G (almost) (quasi)simple sporadic (see [52] )
• G quasisimple with exceptional Schur multiplier (see [55] )
• B nilpotent (see [6, Théorème 5.2 
])
• B principal and p = 2 (see [18] )
• B principal and D ∼ = C 3 × C 3 (see [33] )
• |T (B)| ≤ 4 or T (B) ∼ = S 3 (see [44, 45, 61, 62] )
• [T (B), D] cyclic (see [6, Théorème 5.3 ] and [64, Corollary])
• p = 2 and D of rank ≤ 3 (see [54, Theorem 15] )
• |D| = 16 (see [13] ) and most cases for |D| = 32 (see [ Nevertheless, B and b D are perfectly isometric via χ 1 → −ψ 1 and χ i → ψ i for i = 2, 3, 4 as can be seen from the character tables (use (int')): Nevertheless, Rouquier [48, A.2] put forward a variant of Broué's conjecture for blocks with abelian hyperfocal subgroup. This has been settled for p = 2 and D metacyclic by Cabanes-Picaronny [10] (in combination with [51, Theorem 8.1]). The case p > 2 and D non-abelian, metacyclic has been done more recently by Tasaka-Watanabe [59] . Similar case were considered in [22, 24, 25, 53, 58, 60, 64, 67, 68] .
